We give an overview of exactly solvable many-body models of quantum optics. Among them is a system of two-level atoms which interact with photons propagating in a one-dimensional (1D) chiral waveguide; exact eigenstates of this system can be explicitly constructed. This approach is used also for a system of closely located atoms in the usual (non-chiral) waveguide or in 3D space. Moreover, it is shown that for an arbitrary atomic system with a cascade spontaneous radiative decay, the fluorescence spectrum can be described by an exact analytic expression which accounts for interference of emitted photons. Open questions related with broken integrability are discussed.
The simplest model of quantum optics -a two-level atom interacting with a single mode quantum electromagnetic field (Janes-Cummings model [1] ) allows one to find exact states of the system and to describe its dynamics. For a multimode field the problem becomes nontrivial. Examples of a multimode field are a field propagating in a long waveguide, a field in an open 3D space, etc. Solution of the Schrödinger equation for a multi-atom -multiphoton system is not possible in general. However, this is possible for some particular models of quantum optics which we describe below.
1. A system of two-level atoms in a 1D waveguide with chiral photons described by the Hamiltonian (a quantum generalization of the classical model)
where ( ) a x is the photon annihilation operator at point x and spin-1/2 operator j s  describes a two-level atom located at the point j x . The exact eigenstates of this Hamiltonian for an arbitrary number of photons and excited atoms were constructed in [3] with the use of Bethe Ansatz [4] . The chirality (unidirectional propagation) of photons is the key condition for the integrability of this model. 2. A system of M identical two-level atoms located in a spatial region (of a size small as compared with the resonant wavelength) and interacting with electromagnetic field in 3D space (Dicke model [5] ). As shown in [6] , this 3D model can be mapped on an effective 1D model Eq. (1), but with chiral photons interacting with a spin M/2 located at the point 0  x . Such a model also allows one to construct exact multi-photon eigenstates [6] . Knowledge of the full set of eigenstates and an efficient method developed in [7] for summation over so called string configurations (correlated packets of several photons) allows one to describe dynamics of an arbitrary initial state of the many-body atom-photon system. In particular, it has become possible to describe not only the cascade decay dynamics of the atomic system down to the ladder of Dicke's states, but also to describe the time evolution of multiphoton functions and to calculate the superfluorescence spectrum.
3. Exactly, albeit in a more cumbersome way, one can solve also a problem of N photons interacting with an ensemble of M closely located two-level atoms in the usual (non-chiral) 1D waveguide [8] . This is possible because there are no photon returns to the atomic system in this model. Such returns are present already in a simplest system of separated atoms in the non-chiral waveguide; they essentially influence on the system dynamics and, for instance, lead to existence of dark states [9] .
4. An exact description is possible also for an arbitrary atomic system with a cascade system of optical transitions. The absence of branching and returns allows one to find the exact solution of the Schrödinger equation for the amplitudes of the states with arbitrary numbers of emitted photons. In this way one can obtain a general expression for the spectrum of the cascade emission [10] : 
